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Time-Varying Linear Pursuit–Evasion Game
Models with Bounded Controls

Tal Shima¤ and Josef Shinar†

Technion—Israel Institute of Technology, 32000 Haifa, Israel

Future end game interception scenarios of autonomous uncrewed � ying vehicles are expected to be charac-
terized by variable velocities and lateral acceleration limits. A time-varying linear pursuit–evasion game model
with bounded controls is presented that can be used to analyze such scenarios. The usefulness of this model is
demonstrated by simulations of a realistic ballistic missile defense scenario, as an example. It is shown that a
differential game guidance law derived using this time-varying model provides a signi� cant improvement in the
homing accuracy compared to a guidance law based on a model with constant velocities and lateral acceleration
limits. Moreover, the time-varying linear model provides a much more accurate prediction of the miss distance,
con� rming its validity. Also a general review of possible structures of the game space decomposition is presented.
One of these structures implies that even if the pursuer does not have a maneuverabilityadvantageover the evader,
but has an agility advantage, a zero miss distance can still be achieved for some initial conditions.

Introduction

I N spite of the well-known fact that missile/target interception
scenarios are generally characterized by nonlinear kinematics

and time-varying velocities, most missile guidance laws have been
developedusing linearized two-dimensionalmodels assuming con-
stant speeds and lateral acceleration limits. Nevertheless, it turned
out that the implementationof theseguidancelaws in a realisticenvi-
ronment can be successful.The discrepancybetween the simpli� ed
model and the complex reality has been expressed, however, by the
suboptimalityof the guidance solution and an inaccurateprediction
of the interception outcome.

In a recent paper,1 the results derived from linearized guidance
theory were compared to the outcome of three-dimensional point
mass simulations dealing with an interception scenario against a
highly maneuvering tactical ballistic missile (TBM). This compar-
ison clearly showed that currently used linear guidance theory does
not predict well the miss distance in such real world engagements.
The discrepancies between the results have been attributed to the
time-varying velocities and lateral acceleration limits of both mis-
siles. Although the assumptions of constant velocities and lateral
acceleration limits were found to be invalid, the linearizationof the
trajectorieswith respect to the initial line of sight seemed to be well
justi� ed. The linearization turned out to be valid due to the very
high velocities of both missiles that enabled only a small rotation
of the line of sight (LOS) throughout the short duration of the end
game.

In the open technical literature there are several works address-
ing the guidance problem of variable speed missiles. In the book
by Garnell,2 the well-known proportionalnavigation(PN) guidance
law3 is modi� ed due to the longitudinalacceleration.The correction
term is included into the LOS rate needed for the implementation
of PN. However, this correction term is by no means optimal, and
it also does not null the LOS rate for a variable speed missile. Baba
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et al.4 used a different approach. They assumed that the velocity
pro� le of the interceptor is known and guided the missile on a col-
lision course to the future interception point. The performance of
this guidancelaw was evaluated,and it was found that such an inter-
ception requiresmuch smaller lateral accelerationof the interceptor
than PN.

Optimal control theory assuming unbounded controls has also
been used for the derivation of guidance laws for this problem.
Riggs5 used an optimal guidance law derived for the constant speed
scenarioand estimated the time to go basedon the range,varyingve-
locityand the anglebetween thevelocityvectorsand the initialLOS.
Lee6 useda similarapproach,but computedthe time to go optimally.
A simulation study of a scenario with a nonmaneuvering target
showed the superiority of this guidance law to the conventionalPN
and to Riggs guidance law.5 Cho et al.7 considered the variable ve-
locityof thepursuerfrom theoutsetof theoptimalcontrolderivation.
They found a new guidance law that had the same structure as the
augmentedPN8 derivedfor the constantspeedmodel. It used a time-
varying guidance gain, and the computation of the time to go was
based also on the knowledge of the future missile velocity pro� le.

Formulating the interception of a maneuverable target as an op-
timal control problem, as done in the cited papers, requires an as-
sumption of the future evolution of the maneuver. If the assumption
about the target maneuver is correct and the lateral acceleration of
the interceptordoes not saturate,such a guidancelaw can reduce the
miss distance to zero. However, if the assumption about the target
behavior is wrong, very large miss distances are created. Because
the target maneuvers are independentlycontrolled, the scenario has
to be formulated as a zero-sum pursuit–evasion game. Such a for-
mulation of a scenario between two players with constant veloci-
ties and constant bounds on the lateral accelerationsassuming ideal
dynamics for both players has been investigated by Gutman and
Leitmann.9 This scenario was later extended to include � rst-order
pursuer dynamics10 and evader dynamics.11 Gazit and Gutman12

developed a guidance law for a pursuer with a constant accelera-
tion, using a time-varying linear model assuming for both players
ideal dynamics and constant bounded controls. For the case of a
nonmaneuvering evader, an optimal control derivation was used,
whereas for a maneuvering evader, a differential game approach
was employed.The obtainedguidance law steers the missile toward
a straight-linecollision course and enables interceptionin scenarios
where the classical PN fails.

None of these works have addressed the problem of our inter-
est, namely, the scenario where both the interceptor and the target
have variable velocities and lateral acceleration limits. The objec-
tive of this paper is to extend the frequentlyused linear game model
with bounded controls and � rst-order dynamics11 to include known
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time-varying velocities and lateral acceleration bounds for both
players. As an example of this model, a planar TBM interception
scenario is used.

In the next section, the new linear time-varying model of an in-
terception scenario is formulated as a perfect information zero-sum
pursuit–evasion game. The general solution of this model is pre-
sented in the sequel. It is followed by the description of a simpli-
� ed example illustrating a typical ballistic missile defense (BMD)
scenario with time-varying interceptor velocity and TBM lateral
acceleration limit. The guidance law based on the model of this
simpli� ed example is tested in a three-dimensionalnonlinearpoint-
mass simulation using generic, but realistic, data. The solution of
the lineargame model with constantmaneuverabilityand velocity11

is reviewed in the Appendix for the sake of completeness.

Problem Formulation
This paper deals with time-varying linear pursuit–evasion game

models for realistic interception scenarios, such as an endoatmo-
spheric interception of a maneuverableTBM. During the end game
of this interception scenario, the altitude and the velocity of the
reentering TBM, as well as of the interceptor missile, are contin-
uously varying. Therefore, their lateral acceleration limits are also
changing. In this section a linear time-varyingmathematical model
of such an interception end game is formulated. This planar model
is based on the following set of assumptions:

1) Both missiles can be represented by point masses with linear
control dynamics.

2) The relative end game trajectory can be linearized around a
� xed reference line, such as the initial LOS.

3) The velocity pro� les of both missiles on a nominal trajectory
are known and can be expressed as the function of time.

4) The lateral acceleration limit of each missile is known as a
function of time.

5) The maneuveringdynamicsof the interceptorand the TBM can
beapproximatedby � rst-ordertransferfunctionswith time constants
¿P and ¿E , respectively.

6) The information structure is perfect.
The assumption of perfect information, assumption 6, includes

two parts: 1) the designers of both missiles have perfect knowledge
of the engagement parameters and 2) both missiles can accurately
measure all of the state variables. The second part represents the
worst case for the interceptor.In reality, the TBM has no information
on the interceptor’s state variables, but it can maneuver randomly
having a nonzero probability to carry out a very close realizationof
the optimal deterministic interception avoidance strategy.

Typical velocity pro� les for both missiles, obtained in a previous
study,1 are shown in Fig. 1. It can be seen that during the end game
the speedof the TBM remainsalmostunchanged.As a consequence,
its maneuverability (used as a synonym for the lateral acceleration
limit) is monotonically increasing due to the larger air density in
the lower altitudes.The velocity of the interceptor is monotonically

Fig. 1 End-game velocity pro� les.

Fig. 2 Time histories of end-game maneuverability.

Fig. 3 Planar end-game geometry.

increasing in the end game, because its design has been aimed to
keep the end-game maneuverabilityalmost constant, in spite of the
increasing altitude and the resulting lower air density. The maneu-
verability pro� les of both missiles are shown in Fig. 2 and can be
expressed as the function of time (or time to go).

In Fig. 3, a schematic view of the two-dimensional end-game
geometry is shown. Note that the respective velocity vectors of the
missiles are generally not aligned with the reference line, which is
the initialLOS. The angles Áp and ÁE are, however, small. Thus, the
approximations cos.Ái / ¼ 1, sin.Ái / ¼ Ái , i D P , E , are uniformly
valid and coherent with assumption 2. Nevertheless, the longitudi-
nal accelerations of each missile have nonnegligible components
normal to the LOS.

Based on assumptions 2 and 3, the � nal time of the interception
can be computed for any given initial conditions of the end game,

t f D arg

»
X f D X0 ¡

Z t f

t0

[Ve.t/ C Vp.t/] dt D 0

¼
(1)

allowing the time to go to be de� ned by

tgo
1D t f ¡ t (2)

The state vector in the equations of the linearized relative motion
normal to the initial LOS is

X D [x1; x2; x3; x4; x5; x6]
T D [y; Py; aP ; aE ; ÁP ; ÁE ]T (3)

where

y D ye ¡ yp (4)

Py D VE .t/x6 ¡ Vp.t/x5; y.t0/ D y0 D 0 (5)

From the known velocity pro� les VP .t/ and VE .t/ the respective
longitudinal accelerations ax P .t/ and ax E .t/ can be computed and
substituted into the equations of motion, which become
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PX D A.t/X C B.t/u C C.t/v; X.0/ D X0 (6)

with

A.t/ D

2

6666664

0 1 0 0 0 0

0 0 ¡1 1 ¡ax P .t/ ax E .t/

0 0 ¡1=¿P 0 0 0

0 0 0 ¡1=¿E 0 0

0 0 1=Vp.t/ 0 0 0

0 0 0 1=VE .t/ 0 0

3

7777775
(7)

B.t/ D
£
0 0 amax

P .t/
¯

¿P 0 0 0
¤T

(8)

C.t/ D
£
0 0 0 amax

E .t/
¯

¿E 0 0
¤T

(9)

and the normalized controls

u D ac
p

¯
amax

p .t/; juj · 1 (10)

v D ac
E

¯
amax

E .t/; jvj · 1 (11)

where ac
P and ac

E are the commanded lateral accelerations for each
missile having maximum values that can be expressed as a function
of time as amax

P .t/ and amax
E .t/, respectively.

The natural cost function of this perfect information game is the
miss distance,

J D
­­DT X .t f /

­­D jx1.t f /j (12)

where

D D .1; 0; 0; 0; 0; 0/T (13)

By the use of U .t f ; t/, the well-known transition matrix of the orig-
inal homogeneous system [ PX D A.t/X], the transformation of ter-
minal projection is introduced

Z .t/ D DT U .t f ; t/X .t/ (14)

The new scalar state variable Z has the physical interpretation of
the zero effort miss distance, and its explicit form is given in the
sequel. This transformationallows reducing the vector equation (6)
to a scalar dynamic equation in the form

PZ D B.t f ; t/u C C.t f ; t/v (15)

where

B.t f ; t/ D DT U .t f ; t/B.t/ (16)

C .t f ; t/ D DT U .t f ; t/C.t/ (17)

whereas the cost function given in Eq. (12) becomes

J D jZ.t f /j (18)

General Game Solution
Necessary Conditions of Optimality

The perfect information linear differential game with bounded
controls, formulated by Eqs. (15–18), is solved in this section in the
most general form.

The Hamiltonian of the game is

H D ¸z[B.t f ; t/u C C.t f ; t/v] (19)

where ¸z is the costate variable satisfying

P̧
z D ¡

@ H

@ Z
D 0 (20)

¸z.t f / D @ J

@ Z

­­­­
t f

D signfZ .t f /g; Z .t f / 6D 0 (21)

which means that

¸z.t/ D signfZ .t f /g; Z.t f / 6D 0 (22)

as long as ¸z.t/ is continuous. This allows determining the optimal
strategies as

u¤ D arg min H D ¡signfB.t f ; t/Z.t f /g; Z .t f / 6D 0 (23)

v¤ D arg max H D signfC.t f ; t/Z .t f /g; Z .t f / 6D 0 (24)

By assuming that B.t f ; t/ < 0 and C.t f ; t/ > 0, the optimal strate-
gies become

u¤ D v¤ D signfZ .t f /g; Z .t f / 6D 0 (25)

Substituting Eq. (25) into Eq. (15) yields the optimized game dy-
namics

PZ ¤ D 0.t f ; t/signfZ .t f /g; Z .t f / 6D 0 (26)

with

0.t f ; t/ D [B.t f ; t/ C C.t f ; t/] (27)

Game Solution Structure
IntegratingEq. (26)backwardfromanygivenendcondition Z .t f /

generatesa candidateoptimal trajectory.The family of these trajec-
tories determines the structure of the game solution. In this subsec-
tion, a review of some possible solution structures, presented � rst
in a recent conference paper,13 is outlined.

Case 1: 0.tf; t/ > 0 8 t 2 [t0; tf/
Two families of monotonic optimal trajectories with opposite

signs are generated, � lling the entire game space (Fig. 4). The two
trajectory families intersect on the Z D 0 axis, which serves as a
dispersal line, dominated by the evader. In this case the optimal
strategies (25) can be expressed in a state feedback form,

u¤ D v¤ D signfZ g 8 Z 6D 0 (28)

and the value of the game is a function of the initial conditions:

J ¤.Z0; t0/ D jZ0j C
Z t f

t0

0.t f ; t/ dt (29)

Case 2: 0.tf; t/ D 0 8 t 2 [t0; tf]
The entire game space is � lled with optimal trajectories that are

actuallystraightlines (Fig. 5). In this case the optimal strategies(25)
in all of the game space, excludingthe Z D 0 axis, can be expressed
in a state feedback form,

Fig. 4 Game space decomposition for case 1.
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Fig. 5 Game space decomposition for case 2.

Fig. 6 Game space decomposition for case 3.

u¤ D v¤ D signfZ g 8 Z 6D 0 (30)

The Z D 0 axis is a singular surface separating two regions with
different gradients of the value function; the optimal evader’s strat-
egy is arbitrary, whereas the pursuer has to match this strategy. The
value of the game is a function of the initial conditions:

J ¤.Z0; t0/ D jZ0j (31)

Case 3: 0.tf; t/ < 0 8 t 2 [t0; tf/
The optimal trajectory pair generated from the point Z.t f / D 0

with different signs separates the game space into two regions of
different solutions (Fig. 6). Outside of these two optimal boundary
trajectories, Z ¤

C and Z ¤
¡ , respectively, there is the region of regular

trajectories D1 , where the solution is given by Eqs. (28) and (29).
The boundary trajectoriesthemselvesbelong to D1 . Inside the other
region, denoted by Do and de� ned by

jZ .t/j < Z¤
C.t/ (32)

the optimal strategies are arbitrary, and the value of the game is
constant:

J ¤
0 .Z0; t0/ D 0 (33)

Inside this region, ¸z.t/, which represents the gradient of the value
function, is identically zero. Thus, the game space is decomposed
into three regions of different constant gradients (C1; ¡1, and 0)
separated by the two semipermeable optimal boundary trajectories
Z ¤

C and Z ¤
¡ , which are the singular surfaces of the game.

Case 4: 0.tf; t/ < 0, t 2 [t0; ts/; 0.tf; t/ > 0, t 2 .ts; tf/
The optimal trajectories have an extremum at t D ts . As a

backward-generated candidate optimal trajectory intersects the
Z D 0 axis, it ceases to be optimal because the change in signfZg.
The two families of such trajectories de� ne a dispersal line of the
game dominated by the evader. The boundary trajectories Z ¤

C and
Z ¤

¡ are the pair of optimal trajectories that reach the Z D 0 axis
tangentially at t D ts , which is the solution of 0.t f ; t/ D 0. The two
regions of the different game solutions shown in Fig. 7 are

D1 D
©
.Z; t/ : jZ .t/j ¸ Z¤

C.t/ [ t f ¸ t ¸ ts

ª
(34)

Do D
©
.Z ; t/ : jZ.t/j < Z ¤

C.t/ \ t < ts
ª

(35)

In D1 , the optimal strategies and value of the game are given by
Eqs. (28) and (29), respectively. In Do, the optimal strategies are
arbitrary. Every trajectory that starts in this region must go through
the throat .Z ; t/ D .0; ts/. Consequently, the value of the game is
constant:

J ¤
0 .Z0; t0/ D

Z t f

ts

0.t f ; t/ dt
1D Ms (36)

The boundary trajectories and the dispersal line fZ.t/ D 0 for
t f ¸ t ¸ tsg, dominated by the evader, belong to D1 .

Case 5: 0.tf; t/ > 0, t 2 [t0; ts/; 0.tf; t/ < 0, t 2 .ts; tf/
The two optimal trajectories generated from the point Z.t f / D 0

with different signs intersect again on the Z D 0 axis at t D tc < ts
(assuming tc > t0 ) and enclose the Do region (Fig. 8). All other op-
timal trajectory pairs, terminating at differentvalues of jZ.t f /j 6D 0,
will also intersecteach other on the Z D 0 axis at t < tc (if t f is large
enough) creating an evader-dominateddispersal line fZ.t/ D 0g for
t0 · t · tc . Inside Do , the optimal strategies are arbitrary and the

Fig. 7 Game space decomposition for case 4.

Fig. 8 Game space decomposition for case 5.
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value of the game is zero. Elsewhere, that is, in D1 , the game solu-
tion is given by Eqs. (28) and (29).

Remarks:
1) Particular examples where cases 1, 2, and 3 can occur are

mentioned � rst in Ref. 9, using a simpli� ed model, where both
players have constant velocities and lateral acceleration limits, as
well as ideal dynamics. Case 4 � rst appeared in Ref. 10, whereas
case 5 was � rst presented in a recent conference paper.13

2) Other cases, where 0.t f ; t/ changes its sign more than once,
can also occur. These cases are out of the scope of the presentpaper.

3) In a game model with constant velocities and constant bounds
on the lateral acceleration, solved in the Appendix, the conditions
which lead to the different cases can be easily determined (see
Table A1).

Explicit Computation of Z
To compute 0.t f ; t/ for the present problem, the explicit expres-

sion for the zero effort miss distance is needed. For this purpose the
homogeneous solution of Eq. (6) is derived step by step:

x3.t/ D x3.t0/ expf¡[.t ¡ t0/=¿P ]g (37)

x4.t/ D x4.t0/ expf¡[.t ¡ t0/=¿E ]g (38)

x5.t/ D x5.t0/ C x3.t0/IP .t; t0/ (39)

x6.t/ D x6.t0/ C x4.t0/IE .t; t0/ (40)

where

IP .t; t0/
1D

Z t

t0

exp[¡.³=¿p/]

Vp.³/
d³ (41)

IE .t; t0/
1D

Z t

t0

exp[¡.³=¿E /]
VE.³ /

d³ (42)

The integrals (41) and (42) have an analytic form only for very spe-
cial cases of VP .t/ and VE .t/, respectively.Otherwise they have to
be computed numerically. Substituting Eqs. (37–40) into the origi-
nal equation (6) and integrating yields

x2.t/ D x2.t0/ C x3.t0/¿pfexp[¡.t ¡ t0/=¿p] ¡ 1 ¡ IIP .t ; t0/g

¡ x4.t0/¿E fexp[¡.t ¡ t0/=¿E ] ¡ 1 ¡ IIE .t; t0/g

¡ x5.t0/ ¢ [VP .t/ ¡ VP .t0/] C x6.t0/ ¢ [VE .t/ ¡ VE .t0/] (43)

where

IIP .t ; t0/
1D

Z t

t0

IP .³; t0/ax P .³ /

¿P
d³ (44)

IIE .t ; t0/
1D

Z t

t0

IE .³; t0/ax E .³ /

¿E
d³ (45)

Similarly, x1 becomes

x1.t/ D x1.t0/ C x2.t0/.t ¡ t0/

¡ x3.t0/¿
2
p fexp [¡.t ¡ t0/=¿p ] C .t ¡ t0/=¿ p ¡ 1 C IIIP .t ; t0/g

C x4.t0/¿
2
E fexp[¡.t ¡ t0/=¿E ] C .t ¡ t0/=¿E ¡ 1 C IIIE .t ; t0/g

¡ x5.t0/[IVP .t; t0/ ¡ VP .t0/.t ¡ t0/]

C x6.t0/[IVE .t; t0/ ¡ VE .t0/.t ¡ t0/] (46)

where

IIIP .t ; t0/
1D

Z t

t0

IIP .³; t0/

¿P
d³; IVP .t; t0/

1D
Z t

t0

VP .³ / d³

(47)

IIIE .t ; t0/
1D

Z t

t0

IIE .³; t0/

¿E
d³; IVE .t; t0/

1D
Z t

t0

VE .³ / d³

(48)

Thus, the zero effortmiss distanceof the general time variableprob-
lem is

Z .t/ D x1.t/ C x2.t/tgo ¡ x3.t/¿ 2
P fexp [¡.tgo=¿p/] C .tgo=¿p/

¡ 1 C IIIP .t f ; t/g C x4.t/¿
2
E ¢ fexp [¡.tgo=¿E /] C .tgo=¿E /

¡ 1 C IIIE .t f ; t/g ¡ x5.t/[IVP .t f ; t/ ¡ VP .t/tgo]

C x6.t/[IVE .t f ; t/ ¡ VE .t/tgo] (49)

Comparing this expressionto the one obtainedfor the time-invariant
model,as givenin theAppendix,Eq. (A3), one canobservethat there
are separatecorrectionterms for thepursuerand theevader.The inte-
grals IIIP .t f ; t/ and IIIE .t f ; t/ express the effects of the respective
longitudinal accelerations, whereas the terms with the additional
state variables x5.t/ and x6.t/ represent the resulting changes in the
respectivevelocity components normal to the LOS.

After eliminating equal terms, the time derivative of Eq. (49)
becomes

dZ

dt
D v ¢ amax

E .t/

»
exp

µ
¡

³
tgo

¿E

´¶
C

³
tgo

¿E

´
¡ 1 C IIIE .t f ; t/

¼
¿E

¡ u ¢ amax
P .t/

»
exp

µ
¡

³
tgo

¿P

´¶
C

³
tgo

¿P

´
¡ 1 C IIIP .t f ; t/

¼
¿P

(50)

SubstitutingEq. (25) intoEq. (50)yieldsthe optimalgamedynamics

dZ ¤

dt
D 0.t f ; t/ ¢ sign.Z/ 8 Z 6D 0 (51)

where

0.t f ; t/ D amax
E .t/fexp[¡.tgo=¿E /] C .tgo=¿E / ¡ 1 C IIIE .t f ; t/g¿E

¡ amax
P .t/fexp[¡.tgo=¿P /] C .tgo=¿P / ¡ 1 C IIIP .t f ; t/g¿P

(52)

Note that in the derivationof thegeneral solutionit was assumedthat
B.t f ; t/ < 0 and C .t f ; t/ > 0. These assumptionsare valid in the in-
vestigated end-game scenario. For ax P .t/ > 0, obviously IIP .t f ; t/
ofEq. (44) is positiveandconsequently,IIIP .t f ; t/ ofEq. (47) is also
positive. The same is true for ax E > 0, and it follows immediately
that B.t f ; t/ of Eq. (16) is negative and C.t f ; t/ of Eq. (17) is posi-
tive. For ax P .t/ < 0 and/or axE .t/ < 0 the validityof the inequalities
B.t f ; t/ < 0 and C.t f ; t/ > 0 have to be tested.

Simpli� ed Example
In typical TBM interception scenarios, which have served as the

motivation of the present study, the velocity and maneuverability
pro� les have similar time-varying features to those presented in
Figs. 1 and 2. For such scenarios two simplifying assumptions can
be made.

1) The engagement is between an interceptormissile with a con-
stant longitudinal acceleration [ax P .t/ D ax P ] and a constant speed
reentering TBM [ax E .t/ D 0].

2) The lateral acceleration limit of the interceptor is constant,
whereas that of the evader is linearly time varying.

Based on simplifying assumption 1, the pursuer’s velocity can be
expressed as

Vp.t/ D Vpf.1 ¡ ®tgo=¿P / (53)

where Vpf is the pursuer’s � nal velocity and

® D axp¿p=Vpf (54)

Based on simplifying assumption 2, the evader’s maneuverability
can be expressed as

amax
E .t/ D amax

E f [1 ¡ ¯ tgo=¿P ] (55)

The zero effort miss distance in this simpli� ed example is

Z ®¯ D Z 1 C 1Z ®¯ (56)
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where Z1 is the zero effort miss distance for the constant speed
model [Eqs. (A3–A5)] and

1Z ®¯ D ¡
£
IIIP .tgo/¿ 2

p x3 C 0:5®t 2
goVpfx5

¯
¿p

¤
(57)

with

IIIP .tgo/ D
Z tgo

0

d»

Z »

0

d&

Z &

0

® exp[¡.³=¿P /]

¿ 2
P [1 ¡ ®.³=¿P /]

d³ (58)

Note that in this simpli� ed example the only state variables that
effect the change of the zero effort miss distance are x3.ap/ and
x5.Á p/, both belonging to the pursuer. With the use of the new
de� nitionof the zero effortmiss distance(56), the optimal strategies
become

u¤ D v¤ D signfZ ®¯ g (59)

The time-varying evader maneuverability does not effect these op-
timal strategies, but modi� es the dynamics and the outcome of the
engagement.The resulting dynamics along the optimal trajectories
are

dZ ®¯¤

d t
D 0®¯ .t f ; t/ ¢ sign.Z ®¯ / (60)

where

0®¯ .t f ; t/ D amax
E f fexp[¡.tgo=¿E /] C .tgo=¿E / ¡ 1g¿E [1 ¡ ¯tgo=¿P ]

¡ amax
P fexp[¡.tgo=¿P /] C .tgo=¿P / ¡ 1 C IIIP .tgo=¿P /g¿P

(61)

The nonvanishingsolution of the equation 0®¯ D 0 (if it exists) pro-
vides .tgo/

®¯
s > 0, and the value of the game in region D0 is

M®¯
s D

Z .tgo/s

0

0®¯ d t (62)

The effectof the normalizedparameters® and ¯ de� ned byEqs. (54)
and (55), on the critical time to go .tgo/

®¯
s and on the guaranteed

miss distance M®¯
s is shown in Figs. 9 and 10, respectively. It can

be seen from Fig. 10 that the guaranteed miss distance decreases
as ® increases. The reason is that the velocity vector is generally
not aligned with the LOS, and consequently,a positive longitudinal
acceleration(® > 0) has a component normal to it, which augments
the pursuer maneuverability and results in smaller miss distances.
An increase in ¯ also results in a decrease of the guaranteed miss
distance because the effective maneuverability ratio during the end
game is smaller than its � nal value used in Eq. (55).

Fig. 9 Critical time to go: ¹f = 2:19, amax
P = 27:5 g, " = 0:25, and

¿E = 0:1 s.

Fig. 10 Guaranteed miss distance: ¹f = 2:19, amax
P = 27:5 g, " = 0:25,

and ¿E = 0:1 s.

Validation Study
Scenario Description

In the simulated scenario, a single interceptormissile is launched
against a reentering TBM of high maneuverability. This scenario
was analyzed in great detail in Ref. 1 and compared to the originally
used simpli� ed (constant velocity) linear model, which motivated
the present study. The results presented in this paper were obtained
by the same simulation program, and its main features are repeated
here for the sake of completeness.

The simulationprogramconsistsof the followingelements:three-
dimensional nonlinear relative kinematics between two point-mass
vehicles, point-mass dynamics of both missiles, simpli� ed guid-
ance and control dynamics of each vehicle, and a high-altitudestan-
dard atmospheric model. The simulations are carried out in a � xed
Cartesiancoordinatesystem, assuming� at nonrotatingEarth and no
wind. The well-known equations of three-dimensional kinematics
and point-mass dynamics of atmospheric � ying vehicles are sum-
marized in Ref. 14 and are not repeated here.

For the sake of simplicity, a point defense scenario is considered,
that is, the interceptor missile is launched from the vicinity of the
TBM’s target. The initial position of the TBM is determined by
assuming a nonmaneuvering ballistic trajectory aimed at a � xed
surface target. The initial position of the TBM also determines the
vertical plane of reference. When the reentering TBM is detected,
the defense system selects the desired altitude for interception and
launches a guided missile toward the predicted point of impact at
this altitude. In this study a nominal interception altitude of 22 km
is selected. The velocity and maximum lateral accelerationpro� les
alongthe nominal (nonmaneuvering) trajectoryare plotted in Figs. 1
and 2, respectively.

The results presentedin this paper concentrateon the interception
end game, where a sequence of hard TBM maneuvers is assumed
to take place. This end game starts when the TBM crosses the alti-
tude of 28 km and has an approximate duration of 3 s. The initial
TBM maneuver is commanded in the horizontal plane (either right
or left). The sequence is completed by a second maneuver, com-
manded to the opposite direction, after some time 1tsw 2 [0; 3] s.
The values of 1tsw vary between different simulation runs in steps
of approximately0.25 s correspondingto steps of 500 m of altitude.

These types of end-game maneuver sequences were selected
because both optimal control15 and differential game9¡11 theories
predict that the optimalmissile avoidancemaneuver (aimed to max-
imize the miss distance) has such a bang–bang structure.Moreover,
these maneuvers with varying 1tsw , represent adequately the en-
semble of the random maneuver samples that can be implemented
by the designer of a TBM without the knowledge of the intercep-
tion altitude. In the next subsections the speci� c guidance and con-
trol models of a maneuvering TBM and the interceptor missile are
described.
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TBM Model
The reentering TBM is assumed to be a generic cruciform � ying

vehicle having some control surfaces to execute lateral maneuvers
up to a givenangleofattack®max in nonrollingbodycoordinates.The
relationship between the actual angle of attack and its commanded
value is approximated by a � rst-order transfer function with a time
constant ¿E 2 [0:01; 0:4] s. The generic TBM used in this study is
characterized by its ballistic coef� cient (b D 5000 kg/m2 ), which
determines the deceleration in the atmosphere and the lift to drag
ratio3 2 [1:41; 2:83]at theangleof attackgeneratingmaximumlift.

Interceptor Model
The generic interceptor missile (designed for high endoatmo-

spheric interception) has an aerodynamically controlled cruciform
airframe and is assumed to be roll stabilized. It has a two-stage solid
rocketpropulsion.Each rocket motor providesa constant thrust. Af-
ter the burnout of the � rst stage, the booster is separated, and the
second rocket motor is ignited. The maneuverability of the missile
(its lateral accelerationand the correspondingload factor) is limited,
in each of the two perpendicularplanes of the cruciform con� gura-
tion, by the maximum lift coef� cient. It is assumed that the missile’s
autopilot can be represented by a � rst-order transfer function with
a time constant ¿P 2 [0:05; 0:4] s. The parameters of the intercep-
tor are summarized in Table 1, where SCD and SCL max are the drag
and maximumlift coef� cientsmultipliedby the surface of reference
respectively.

The guidance system of the interceptor missile consists of two
identical, decoupled channels, associated with the perpendicular
planes of the cruciform con� guration. Because the missile is roll
stabilized,one channel is designatedto perform lateral accelerations
in the vertical plane and the other in the direction perpendicular to
it. An appropriatemissile’s guidance law generates the acceleration
command for each channel subject to the saturation imposed by the
maximum lift coef� cient.

In the present study two different differential games guidance
laws are considered: 1) DGL/1, which is based on the linear model
of constant speeds and lateral acceleration limits,11 and 2) DGL/E,
which is derived using the extended time-varying linear model and
the simplifying assumptions 1 and 2, (both well justi� ed in this
example) presented in this paper.

The new guidance law based on the extended linear model leads
to a substantial improvement of the homing accuracy in a represen-

Table 1 Interceptor data

Burning Thrust, Initial Final SCD , SCL max ,
Stage time, s kN mass, kg mass, kg m2 m2

1 6.5 229.0 1540.0 933.0 0.10 0.24
2 13.0 103.0 781.0 236.0 0.05 0.20

Fig. 11 Miss distance vs (tgo )sw: ¹f = 2:19, amax
P = 27:5 g, " = 0:25,

¿E = 0:1 s, ® = 0:034, and ¯ = 0:074.

Fig. 12 Maximum miss distance vs � nal maneuverability ratio:
amax

P = 27:5 g, " = 0:25, ¿E = 0:1 s, ® = 0:034, and ¯ = 0:074.

Fig. 13 Predicted vs actual mass distances for DGL/1 and DGL/E:
amax

P = 27:5 g, " = 0:25, ¿E = 0:1 s, ® = 0:034, and ¯ = 0:074.

tative TBM interceptionscenario with time-varyingmissiles veloc-
ities and lateral acceleration limits, as demonstrated by the results
of the three-dimensional nonlinear simulation shown in Figs. 11
and 12. In Fig. 11 the robust behavior of DGL/E is clearly seen.
Moreover,the extendedlinearmodelprovidesa much more accurate
prediction of the miss distance obtained by the three-dimensional
nonlinear simulation, as shown in Fig. 13. The negligible differ-
ences con� rm the validity of the simpli� ed DGL/E model in this
example.

Conclusions
A time-varyinglinearpursuit–evasiongame model with bounded

controlshas beenpresented.The lineargame model allows applying
the method of terminal projection, which reduces the dimension of
the game dynamics and leads to a single state variable (the zero-
effortmiss distance). This model has been used for the development
of a new interceptorguidancelaw basedon differentialgame theory.

The derived guidance law has been tested in a three-dimensional
nonlinearpoint-mass simulationof a realisticBMD scenario,where
the velocitiesand lateral accelerationlimits of both missiles are time
varying. It has been shown that using this guidance law provides
signi� cant improvements in the homing accuracy (at least 50% in
the simulated scenarios) compared to a differential game guidance
law derived assuming constant velocities and lateral acceleration
limits. Moreover, the extended linear model provides a much more
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accuratepredictionof the miss distance,con� rming its validity even
if simplifying assumptions are introduced.

It is important to emphasize that although the time-varyinglinear
pursuit–evasion game model was motivated for analyzing a BMD
scenario, it can be also used in other interceptionproblems of inter-
est. The assumptionof known velocity and maneuverabilitypro� les
seem to have some limitations. However, the parts of the guidance
law corrections that depend on the interceptor are either known or
can be directly measured with relatively small errors. The lateral
and longitudinalvelocity and accelerationcomponents of the target
have to be estimated in any case based on noisy measurements.The
velocity and maneuverability pro� les of the target are very much
scenario dependent (they may not be as easily predictable as in
a BMD scenario), but any judicious assumption for these pro� les
will certainly improve the accuracy of the guidance and the miss
distance prediction compared to using a model with constant para-
meters.

The game solutionleading to the guidancelaw derivationis based
on the decomposition of the reduced game space. In this paper, a
general review of possible structures of the game space decompo-
sition is presented. One of these structures implies that even if the
pursuer does not have a maneuverabilityadvantageover the evader,
but has an agility advantage (agility is de� ned as the maximum lat-
eral accelerationdivided by the time constant of the missile), a zero
miss distance still can be achieved for some initial conditions.

Appendix: Game with Constant
Maneuverability and Velocity

This game has served as a simpli� ed linearized model for the
terminal phase of intercepting a maneuvering target by a guided
missile.11 The game solution is based on the assumptions that both
players have constant velocities and the bounds on their lateral ac-
celerationsare also constant.Consequently,the pursuer–evaderma-
neuverability ratio, de� ned as

¹ D amax
P

¯
amax

E (A1)

is constant and serve together with the evader–pursuer dynamics
ratio, de� ned as

" D ¿E=¿P (A2)

as the parametersof the game. The product of these two parameters
is called the pursuer–evader agility ratio, where the term agility is
de� ned as the maximum lateral acceleration divided by the time
constant of the missile. It is also assumed that the interceptiontakes
place in a plane with small deviations from the initial LOS (ILOS).
The equationsof motion are written in Cartesian coordinates,where
the X axis is aligned with ILOS. The assumptionsof constant speed
and trajectory linearization allow solving the equation of motion
in the X direction as a function of time to go. Therefore, only the
equations of motion in the Y direction (perpendicularto the ILOS)
remain to be solved.

If both players have � rst-order dynamics,11 the game (called in
the recent literature DGL/1 and its variables will be denoted with
the superscript 1) has the � rst four state variables of Eq. (3). The
terminal projectiontransformationleads to the de� nition of the zero
effort miss distance as

Z 1.t/ D x1.t/ C x2.t/tgo C 1Z E .t/ ¡ 1Z P .t/ (A3)

where

1Z E .t/ D ¿ 2
E [exp.¡tgo=¿E / C tgo=¿E ¡ 1]x4.t/ (A4)

1Z p.t/ D ¿ 2
p [exp.¡tgo=¿P / C tgo=¿P ¡ 1]x3.t/ (A5)

The optimized game dynamics is

dZ 1¤

d t
D 01 ¢ sign[Z1.t/] (A6)

Table A1 Conditions for various game solution structures

Agility ratio ¹ < 1 ¹ D 1 ¹ > 1

¹" < 1 Case 1 (Fig. 4) Case 1 (Fig. 4) Case 4 (Fig. 7)
¹" D 1 Case 1 (Fig. 4) Case 2 (Fig. 5) Case 3 (Fig. 6)
¹" > 1 Case 5 (Fig. 8) Case 3 (Fig. 6) Case 3 (Fig. 6)

where

01 D ¡amax
P [exp.¡tgo=¿P / C tgo=¿P ¡ 1]¿P

C amax
E [exp.¡tgo=¿E / C tgo=¿E ¡ 1]¿E (A7)

The game space can have � ve different structures depending on
the maneuverability ratio ¹ and the agility ratio ¹", as shown in
Table A1.

In all of these cases, the guaranteed miss distance in region D1

depends on the initial conditions, as well as on the parameters ¹
and ". The region Do exists only in cases 3–5. The guaranteedmiss
distance for this entire region depends only on the parameters ¹
and ":

M1
s D amax

E ¿ 2
P

n
¹.1 ¡ "/

¡
exp

£
¡.tgo/

1
s

¯
¿P

¤
C .tgo/1

s

¯
¿P ¡ 1

¢

¡ .¹ ¡ 1/
£
.tgo/1

s

¯
¿P

¤2
.

2
o

(A8)

where .tgo/1
s is the strictly positive solution of the equation 01 D 0.

In case 3, both .tgo/1
s and M 1

s are identically zero.
Note that case 5 implies that even if the pursuer does not have

a maneuverability advantage (¹ < 1) over the evader, the pursuer
may still achieve a hit-to-kill for some initial conditions, if it has an
agility advantage (¹" > 1).
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